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1. Introduction

Motivation: Imaging with X-rays permits nano-scale resolution owing to small wave-
lengths < 1 nm but suffers from weak absorption for microscopic samples.

~+ Need for refraction-based imaging techniques ~~ phase contrast

Imaging setup: Specimen is illuminated by coherent X-rays (e.g. from synchrotron [5]),

resulting diffraction patterns are recorded downstream at propagation distance d:
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» Model based on paraxial Helmholtz eq. + ray optics in sample — valid for X-rays [1]

» Images yield 2D-projections of the object’s complex refractive indexn =1 -6 + 16

Phase contrast tomography: Image the refractive index in 3D by recording diffraction
patterns under different incident angles 6 (model: Radon transform R)

Feer: ii=(0—-i8) — {lpciel = |D(exp (- ikRG)) [

Inverse Problem: Reconstruct the 2D- or 3D-image n or 7 from observed noisy data
I? = I, + € and available a priori knowledge, 1.e. invert the forward map F..

2. Phase Retrieval - an Unstable Procedure?

Phase retrieval: Image reconstruction requires inversion of | - |

to the physical restriction to measuring wave intensities

, 1.e. phase recovery, due

Is the image uniquely determined by the data? Yes! [3]
~ Is the reconstruction robust to measurement errors? ...

Weak object approximation: Linearize Fpciin h := —ikn = —u —1¢ (validif ¢, u < 1)

Fpci(n) — 1 = D(h) + D '(h) =: Tpcih
—~ T
1mage twin 1mage

(¢: phase shifts, u: absorption)

Stability problem: Is there a constant C4 > 0 such that for all images /i, hy € A € L*(R?)

Ca ||hy = hl|l < ||[Tpci(h; — hy)|| ? < reconstruction error < Cglllsll

-~

object perturbation increment in the data

Common a priori constraints — general instability:

- CTF: |sin(§2 /(47 Ng))| |
— object signal |F(h)| ||
— data signal |F(Tph)| ||

» Non-absorbing object: u =0 (biological tissue)

» Single-material: u = tan(¢y)¢ (more general)
2

= Tpcth « 2F _1( sin ( 47€NF + 900) j‘:_/ (h))

~ ~~ —  Fourier
contrast transfer fct. (CTF) transform

» Arbitrarily low contrast at CTF-zeros ~~ bad SNR

» Unstable reconstruction without further constraints

~~ How to choose the admissible objects A to ensure stability?
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3. Stability Estimates for Single-Material Objects

Support constraint: Object 4 1s contained in a

- CTF: |sin (¢ /(47rNF))|
known subdomain Q c R? of the field of view.

— Min-width object signal ||
— Minimum data signal

Uncertainty principle: Restriction supp(h) C Q
in real-space induces a minimum lengthscale in g
Fourier space:

The + TEme < 1
——
<diam(Q2)

Theorem 1: Let Ng the Fresnel num-
ber of the support diameter diam(Q). |
Then the recovery of single-material |
objects h o« ¢ € L*(Q) is stable with

Ciingte(NF) > max { min {C}, c;Ng'),

min {C2908’ CZN 1:5}} e

stable recovery
E 1

4. Stability Estimates for General Objects

~~ Can we simultaneously reconstruct phase shifts ¢ and absorption u?

Inverse Gabor holography: Propagate data and remove twin-image when in-focus

| ~D(h) + D~1(h)
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Gabor:
Nice image!/

I Tecitllz = 1DTecihllzz = 1D*(h) + Allz = |D*(W)lrmallz = IIF (mr - g2y cavellz2
= C> inf  ||F (h)|r2nve0)l (Ng: Fresnel number of Q)
heL*(Q),||hll=1

» Image recovery at least as stable as inverting ¢ : L*(Q) — L*(R?); h = F(h)lr2\(xv0)
» Singular values of incomplete Fourier transform ¥ satisfy 2> exp(—cNg) [6] ~ stable

» Simultaneous recovery of ¢ and u 1s feasible for deeply holographic measurements [4]
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Theorem 2: Let Ng the Fresnel <
number of the support diameter N c:/- ¢
diam(€). Then the recovery of 7N

—>

ggnem.l objects h = oIS \ - ) CZexp(—csNe) \
L(€) is stable with \

Cgen(NF) = C3 eXp( - C3NF)

j

stable recovery : !
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S. Newton-Kaczmarz Methods for Phase Contrast Tomography

Standard method in phase contrast tomography:

-1
FPCI

1 Independent phase retrieval for all incident angles: Ipct = {Ipcrg} = {ng} = R(O —18)

2 Subsequent tomographic reconstruction by Radon inversion: R(d — 18) — 6 — 15

Simultaneous approach: All-at-once inversion of Fpcr by regularized Newton methods
e Stabilizing: exploitation of tomographic correlations 1n phase reconstruction [2]
e FEfficient:. Process small subsets of incident angles per iteration — Newton-Kaczmarz [4]

e Flexible: May account for non-i1deal 1llumination, object motions, misalignment, etc.
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Niy1 = argmin H P i (FPCT(nk) + Fporplinl(m — ) — 1 ) HLz + @an — ”0HXk + cyoHn — nkHLz
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strong regularization

= well-conditioned

restriction to small wedges of incident angles approximate L7,

TV, positivity, ...

~+ Kflicient + accurate combination of phase retrieval and tomography

Misaligned holograms Sharp 3D-image (D. radiodurans) + alignment




