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This talk: What if a part of the signal f = p + h is known a priori?
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Reconstruction of Weak Phase Objects

Theorem 5 (Reconstruction of weak phase objects)

Letp € LI(R™) \ {0} be known, hermitean and
real-valued with Q, := conv (supp(p)). Let
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Theorem 5 (Reconstruction of weak phase objects)
Letp € L}(R™) \ {0} be known, hermitean and —
real-valued with Q, := conv (supp(p)). Let
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. Sample

Detector

vy

Fig.: Setting of Theorem 5

Proof:
» We have #7'(Al) =2p + h" + h" s« h" — h? « h2

» 2p = h" is purely imaginary and h" x h" — h? « h? is real-valued O
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We call a class of functions A c L!(R™) simple if for any h € A and any
Q c R™, the anti-Hermitean part h?|q is uniquely determined by h"|q.

Classes of Simple Objects:

@ Weak homogeneous objects: For a, b € R\ {0} fixed, let
A ={(a+ib)p: ¢ € L}(R™) real-valued}. Then

h3(x) = %S(hh(x)) + %?’x(hh(x)) ae. foral heA

@ Pure phase objects: For fixed sign “+”, let
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Linear inversions +
nonlinear data updates
~»> Newton algorithm
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Proof-of-principle: Simulation of Weak Phase Object

Simulation:

lnuisy
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Proof-of-principle: Simulation of Weak Phase Object

Simulation:

lnuisy

» Circular probe p = 1¢icle

(= reference signal) | 7 P

(+Poisson-noise)

» Weak phase object
h=p-(exp(-ig) —1)
with ¢ € [0; 0.3]

> lnoisy = 17 (P + h)|2 +
Poisson noise

| Deconvolution

» Reconstruct h" ~ —i¢?
via linear deconvolution
(cf. Theorem 5)

H(Tikhonov-reg. )

Observations:
@ Stable and linear reconstruction of hermitean part h"
@ Remaining nonlinear reconstruction of h? still challenging
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Proof-of-principle: Simulation of Strong Phase Object

Simulation:
» Circular probe p = 14ce (= reference signal)

» Strong phase object h = p - (exp(—i¢) — 1) with ¢ € [0; 1] with
smaller support than p

> lhoisy = F(¢) := | (p - exp(—ip))? + Poisson noise
» Reconstruction by regularized Newton-method (~» Theorem 7)
Pkt = arg;nin IF(¢x) + Flokl(® — éi) — Inoisy||2 +pllp — (pk”fz + C¥||¢||f2

/ noisy

2

|F(p - exp(—ig))
—_—

(+Poisson-noise)




Examples and Conclusions

Proof-of-principle: Simulation of Strong Phase Object

Simulation:
» Circular probe p = 14ce (= reference signal)

» Strong phase object h = p - (exp(—i¢) — 1) with ¢ € [0; 1] with
smaller support than p

> lhoisy = F(¢) := | (p - exp(—ip))? + Poisson noise
» Reconstruction by regularized Newton-method (~» Theorem 7)
Pkt = arg(;nin IF(¢x) + Flokl(® — éi) — Inoisy||2 +pllp — ¢k||fz + C¥||¢||f2

/ noisy

2

|F(p - exp(—ig))
—_—

(+Poisson-noise)

IRGNM
—_—

10 lterations




Examples and Conclusions

Proof-of-principle: Simulation of Strong Phase Object

Simulation:
» Circular probe p = 14ce (= reference signal)

» Strong phase object h = p - (exp(—i¢) — 1) with ¢ € [0; 1] with
smaller support than p

> lhoisy = F(¢) := | (p - exp(—ip))? + Poisson noise
» Reconstruction by regularized Newton-method (~» Theorem 7)
Pkt = arg(;nin IF(¢x) + Flokl(® — éi) — Inoisy||2 +pllp — ¢k||fz + C¥||¢||f2

/ noisy

2

|F(p - exp(—ig))
—_—

(+Poisson-noise)

IRGNM
—_—

20 lterations




Examples and Conclusions

Proof-of-principle: Simulation of Strong Phase Object

Simulation:
» Circular probe p = 14ce (= reference signal)

» Strong phase object h = p - (exp(—i¢) — 1) with ¢ € [0; 1] with
smaller support than p

> lhoisy = F(¢) := | (p - exp(—ip))? + Poisson noise
» Reconstruction by regularized Newton-method (~» Theorem 7)
Pkt = arg(;nin IF(¢x) + Flokl(® — éi) — Inoisy||2 +pllp — ¢k||fz + C¥||¢||f2

/ noisy

2

|F(p - exp(—ig))
—_—

(+Poisson-noise)

IRGNM
—_—

30 lterations




Examples and Conclusions

Proof-of-principle: Simulation of Strong Phase Object

Simulation:
» Circular probe p = 14ce (= reference signal)

» Strong phase object h = p - (exp(—i¢) — 1) with ¢ € [0; 1] with
smaller support than p

> lhoisy = F(¢) := | (p - exp(—ip))? + Poisson noise
» Reconstruction by regularized Newton-method (~» Theorem 7)
Pkt = arg;nin IF(¢x) + Flokl(® — éi) — Inoisy||2 +pllp — ¢k||fz + C¥||¢||f2

/ noisy

2

|F(p - exp(—ig))
—_—

(+Poisson-noise)

IRGNM
—_—

L
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Observation: Feasible reconstruction as found in
[Hohage and Werner, 2013]
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@ CDI enables nanoscale X-ray imaging but requires phase retrieval

@ Image reconstruction suffers from non-uniqueness + non-convexity

v Proved uniqueness and reconstruction formulas in the presence of
a suitable reference signal ~» holographic approach

v ... deterministic, dimension-indepedent uniqueness without
restrictive structural assumptions on the object

v/ Main tool/reasoning: support arguments

v Numerically: stable recovery in experimentally relevant settings
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Conclusions

@ CDI enables nanoscale X-ray imaging but requires phase retrieval
@ Image reconstruction suffers from non-uniqueness + non-convexity

v Proved uniqueness and reconstruction formulas in the presence of
a suitable reference signal ~» holographic approach

v ... deterministic, dimension-indepedent uniqueness without
restrictive structural assumptions on the object

v/ Main tool/reasoning: support arguments

v Numerically: stable recovery in experimentally relevant settings

Future Work:

@ Extend to more general (non-Hermitean) reference signals

@ Apply holographic approach to other experimental settings
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