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Convergence rates

Let F: X — Y be our forward operator and R, 5 45y some
regularization method.

e worst case error:
£(6,11) = sup { 1Ra(ag07(") — 111 + 19" = F(I)]| < o}
¢ explicit error bounds/convergence rates:
E(6, 1)y <(6)  forall fl e K,
where K is some smoothness class and

¥ 1 [0,00) — [0, 00) is an index function, i.e.
non-decreasing and vanishing at 0.



Source conditions
spectral source conditions (SSC): (used since the 1980s)

v/2
ft = (F’[fT]*F’[fTD 2o forsome v >0 (SSC(f,v))

corresponding convergence rate: £(d, 1) = O (5/("+1)

variational source conditions (VSC):
1 2
. T ZIIf — 112 _ T
v 2(ff 1) < S =1l +w<HF(f) F(f)Hy>.

Here ¢ : [0,00) — [0, c0) is an index function.
Corresponding rate: £(6, ) = O ( ¢(52)>

First used (with ¢(t) = cV/1) in
B. Hofmann, B. Kaltenbacher, C. Péschl, and O. Scherzer. A convergence rates

result for Tikhonov regularization in Banach spaces with non-smooth operators.
Inverse Problems 23:987-1010, 2007.



SSC versus VSC

advantages of variational source conditions

© VSCs work in Banach spaces and for general penalty
terms R and data fidelity terms S.

® VSCs lead to simpler proofs and better results for
nonlinear F. One of the reasons is that no Fréchet
derivative F'[f] at the unknown solution is involved.

® VSCs are not only sufficient, but even necessary for
certain rates of convergence.

disadvantages of variational source conditions
© VSCs are difficult to interpret.
® VSCs only work for low smoothness.



Disadvantage 1: difficult to interpret
For many years, VSCs could be interpreted only for some
particular examples. Recent progress:
e lfda>0VseR F: W5(M)— W5H3(M)is alinear
norm isomorphism and X = Y = L?(M), then for u € (0, a)

fle By (M) & VSC (ftotﬁ) & £0,f)=0 (s
ffe W(M) <« SSC(ff,Y) = £(,f)=0 (6va

Typical functions in B1/2( R)\ W21/2(R): piecewise smooth
with jumps

¢ Also for nonlinear inverse medium scattering problems
VSC could be interpreted in terms of Sobolev smoothness.

T. Hohage, F. Weidling. Characterizations of variational source conditions,

converse results, and maxisets of spectral regularization methods. SIAM J.
Numer. Anal. 55:598-620, 2017.

T. Hohage, F. Weidling. Verification of a variational source condition for acoustic
inverse medium scattering problems. Inverse Problems 31:075006 , 2015.



Disadvantage 2: VSCs only work for
low order smoothness.

Lemma
If F is Fréchet differentiable and f' satisfies a VSC with 1 such
that limp o 1(t)/V/'t = 0, then fT € argmin; R(f).

In other words: () = ¢/t corresponding to £(s, 1) = O <\/3)
or v = 1 in SSCs is the fastest rate achievable with VSCs.

topic of this talk:
new types of VSCs corresponding to SSC(fT, v) with v € (1, 00)
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Grasmair’'s second order VSC



The dual problem

setting:

¢ X, Y Banach spaces

e T :X — Y bounded, linear

e R:X >R, Sgo 1 Y — R proper, convex, |.s.c.
Tikhonov minimization problem:

inf Bsga (TF) + R(f)}

fex

dual problem:

1
sup |50 (~ap) - R*(T°p)]
pEY* «



Grasmair’s second order VSC
idea: Impose a VSC on p, with T*p € 9R(f) based on dual
problem:

e Let Y be a g-smooth Banach space with g > 1

55(9) = Ylg— g% and S(g) = L llg]1%

e Let p* € AS(P).
second order VSC with concave index function v (VSCg(f1,1)):

VpeY": (p,p—p) <9 (A%(T*p, T*ﬁ))

+L=1,

1,1
'q " g

Theorem
Let ¢ denote the conjugate of the (convex) inverse function
¢~1. Then VSC?(ft ) implies
* _ 5q
AL, =0 <¢ (aq* 1) + a) .

M. Grasmair. Variational inequalities and higher order convergence rates for
Tikhonov reqularization on Banach spaces J. Inverse llI-Posed Probl.
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Bregman iteration



Saturation of Tikhonov regularization

Theorem
For Tikhonov regularization in Hilbert spaces

5(5,ff):o(52/3) =~ ff=o0.

C.W. Groetsch. The Theory of Tikhonov regularization for Fredholm equations of
the first kind. Pitman, 1984.

o The best possible rate O (§2/3) corresponds to a
SSC(ff, 2).

o Under SSC(ff,v) with » > 2 we also only get
£(6,f1) = 0 (5213).

e 2 is called the qualification of Tikhonov regularization.



lterated Tikhonov regularization

Higher order rates can be obtained by iterating standard
Tikhonov regularization

fu = KD € argmingey [[|TF = 6|2 + allf = £
by replacing the initial guess fy with the last iterate:

K € argmingey (177 = g°|]2 + o f = D) 2]

Proposition
n-times iterated Tikhonov regularization has "qualification”2n:

ssc(ff,v) = &0, f*):o(a#) forv < 2n.



Bregman iterations
For fy € X and f* € 9R(f,) define the Bregman distance by

Dl (f.10) = R(1) = R(fo) — (", T — ).

In Banach spaces we can replace the squared norm by the
Bregman distance:

Hoth) ¢ argming_ ::Sgs (TF) + A%(f, F(m)

(e}

with £ € aR(1").

Y. Censor, S. Zenios. Proximal minimization algorithm with D-functions. J.
Optim. Theory Appl. 73:451-464, 1992.

J. Eckstein. Nonlinear proximal point algorithms using Bregman functions, with
applications to convex programming. Math. Oper. Res. 18:202—226, 1993.

S. Osher, M. Burger, D. Goldfarb, J. Xu, W. Yin. An lterative Regularization

Method for Total Variation-Based Image Restoration., Multiscale Modeling &
Simulation 4:460-489, 2005.
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VSCs of order n € N in Hilbert spaces
Assumption (VSC?" (1, ))
ft = (T*T)"'w("™") for some w("~") € X and

1
vie X 2@, fx < Sl +w (ITI3)

Assumption (VSC?"(ff, 1))
ft = (T*T)"' 7B for some p™ € Y and

_ 1 «
voeY: 2(p,pM)y < S |pl3 + v (H T pH%)

Proposition
* VSC(f,y) = VSC'(ff, )
e SSC(ff,v4+n—1) = VSC" (fT,ctﬁ), neN,ve(01]



Higher order convergence rates

Theorem (Hohage, S 2017)
For m > n/2 and an index function v, VSC"(v) implies

i 113 = 0 (& + oty (-1
« X o o .

Theorem (Hohage, S)

Form> 12, v € (0,1), ff # 0 and the estimator £ with
optimally chosen o, we have

3A>0:VSC" (fLAT) e g0, =0 (575



Characterization of VSC”

Theorem
Letne N, X=Y = LZ(M), and assume there exists a > 0
such that for all s € R the operator

T: WE(M) = W3T3(M)

is bounded and boundedly invertible. Then for all n € N and
ve(0,1)

A0 VSCT (fLAH) & fl e BT (),

Based on

T. Hohage, F. Weidling. Characterizations of variational source conditions,

converse results, and maxisets of spectral regularization methods. SIAM J.
Numer. Anal. 55:598-620, 2017.
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Variational source condition of third
order

From now on let S5 (9) = [|g — 9°||{, for some 1 < g < cc.

Assumption (VSC?)

Let T*p € OR(f'), Tw € 9S*(p). Assume there exist constants
8>0,t>0,u>1,anindex functiony and forall0 <t <t

fr € OR(fT — tw) such that

vfe Xvte(0,1]:

<f,* T T — b — f> < AR(n ff— tw)

+ 2y <t‘7 H TF— gt + tTqu) + pn,



Convergence rates under VSC®

Theorem (Hohage, S)

LetY be q-smooth and r-convex and choose « such that
5 = o(a9 ). Then VSC® implies

~ 6q * ~ _C *
A (i@, 1) = 0 < 2@y <aq—1> | Baa 1)) 7

(0%

where 1) (x) = 1) (x%).



Example

e Y =L9([0,1]) for 1 < g <2 such that Y is g-smooth and
2-convex
e X = L([0,1]) with y* =2 or pi* > 3and R = || - |’
e assume R/(f1) = T*p, (S*)(p) = Tw, R"(fl,w) = T*p
Then VSC® holds and we have by the above theorem that

An (;(2) ﬁ) _ o ¥ L 8@ 4 j2ular-)
o ) Qa 9

where - + 1 = 1. The best known error bound for Tikhonov

regularization (requiring existence of p,w as above) is

(1) = 0 )

A. Neubauer, T. Hein, B. Hofmann, S. Kindermann and U. Tautenhahn.

Improved and extended results for enhanced convergence rates of Tikhonov
regularization in Banach spaces. Applicable Analysis 89(11), 2010.
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Maximum entropy regularization

Let
T:L'([0,1]) — L3(]0,1])

be bounded and linear. We want to approximate ff ¢ L', ff > 0
(e.g. a probability density) from noisy data g° € L2 with

gt — 9’|l <6

and some a-priori guess fy € L' of 1.
To this end we apply generalized Tikhonov regularization in the
form of maximum entropy regularization

F € argmingec [|ITF = @°[12 + aRy (1)]

where actually R, (f) = KL(f, fo).



Bregman iteration for maximum
entropy regularization

Bregman iteration is then given by
H) € argmingce |ITF = @°I1%: + ol (£, 7))

and as we have Ag, (f, 7Dy = KL(f, 2" V) this is the same
as
K" € argmingcc [||TF — g2 + aKL(£,7")].

Y. Censor, S. Zenios. Proximal minimization algorithm with D-functions. J.
Optim. Theory Appl. 73:451-464, 1992.



Convergence rates
Theorem (Hohage, S)

Suppose that T and its L?-adjoint T* are a > 0 times
smoothing. Moreover, suppose there exists p > 0 such that

p<fl fy<p’ a.e. in[0,1]

as well, as sup;c ||f||; < oo and a > d/2. Finally, assume that

1
fl.foe BS ([0,1])  forsomes e <2a+ 534

Then VSC? holds true with 1 = 2 and () = Cr 4 for some

. 2a .
C > 0. Hence, for the parameter choice o ~ §s+a we obtain the
convergence rate

KL (f*,?ﬁ) <0 (52?) . 8N\0.



Test example

Let T be given as the convolution operator
Tf=fxh= (% —92)7f.

—convolution kernel h

Let fT =1 + Bs, where Bs € B3> |

fy=1.



Convergence rates
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Approximation Error
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Open questions

e VSCs of order > 3 in Banach spaces

 higher order convergence rates for non-linear forward
operator

e higher order convergence rates for other regularization
method, e.g. alternating split Bregman, Landweber, ...



Thank you for your attention!
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